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a b s t r a c t

Cancer is a leading cause of morbidity and mortality in many countries. Solid tumors generally initiate

at one particular site called the primary tumor, but eventually disseminate and form new colonies in

other organs. The development of such metastases greatly diminishes the potential for a cure of

patients and is thought to represent the final stage of the multi-stage progression of human cancer. The

concept of early metastatic dissemination, however, postulates that cancer cell spread might arise early

during the development of a tumor. It is important to know whether metastases are present at

diagnosis since this determines treatment strategies and outcome. In this paper, we design a stochastic

mathematical model of the evolution of tumor metastases in an expanding cancer cell population. We

calculate the probability of metastasis at a given time during tumor evolution, the expected number of

metastatic sites, and the total number of cancer cells as well as metastasized cells. Furthermore, we

investigate the effect of drug administration and tumor resection on these quantities and predict the

survival time of cancer patients. The model presented in this paper allows us to determine the

probability and number of metastases at diagnosis and to identify the optimum treatment strategy to

maximally prolong survival of cancer patients.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Tumor metastases arise when cancer cells leave the primary
tumor site and form new colonies elsewhere (Sahai, 2007). Before
metastatic dissemination occurs, tumors can cause symptoms due
to localized growth but are often clinically undetectable. Diag-
nosis frequently occurs when distant metastases interfere with
the normal functioning of organs and lead to more severe
symptoms. The development of metastases greatly decreases
the chances of successful therapy of the tumor by chemotherapy
or surgery, and represents the main cause of mortality in cancer
patients.

The process of metastasis formation requires multiple steps:
first, cell motility is initiated, followed by the invasion of cells into
the extracellular matrix and intravasation into blood vessels;
metastasizing cells then transit in the bloodstream, extravasate
from the blood vessels, and initiate colonies in distant organs
(Sahai, 2007). Metastases are a common occurrence in cancer
patients, with about 70% of patients with advanced breast or
prostate cancer suffering from bone metastases (Roodman, 2004)
and 85% of patients with pancreatic tumors carrying liver
metastases (Hess et al., 2006). Distant metastases are also often
responsible for recurrence of the disease after initially successful
ll rights reserved.

: +1 646 422 0717.
therapy. A recent study reporting 25 year follow-up data
determined that about 65% of breast cancers recurred up to 20
years after treatment (Fisher et al., 2002).

Since the observation that the injection of mice with rat
embryo cells transfected with the RAS oncogene leads to a large
number of metastatic nodules (Pozzatti et al., 1986), the genetic
profile of metastatic tumors has been the topic of intense
investigations. In 2000, the NM23 gene was shown to suppress
the in vivo metastatic abilities of various types of tumor cells
(Yoshida et al., 2000). Another metastasis suppressor gene, KAI1,
functions in cell–cell interactions and was demonstrated
to decrease both invasiveness and motility of cells in vitro

(Yoshida et al., 2000). MKK4, which phosphorylates JNK and
p38, reduces the in vivo rate of spontaneous metastasis formation
in melanoma and breast cancer (Yoshida et al., 1999). Conversely
to inactivation of genes that suppress the formation of metastases,
there are also genes that lead to increased metastatic frequency if
activated or overexpressed. For example, the activation of Twist or
PDGFR signaling promotes the metastatic ability of cells (Yang
et al., 2004; Jechlinger et al., 2006). These alterations, together
with activation of RAS (Pozzatti et al., 1986), MYC (Wyllie et al.,
1987), and ERBB2/NEU (Yu and Hung, 1991), serve as examples
for situations in which a single genetic change is sufficient to
confer metastatic potential to cells.

Metastasis formation has been considered as a late stage of
tumorigenesis (Hanahan and Weinberg, 2000) because the
metastatic process requires multiple steps, which may be
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acquired only once the tumor has reached an advanced stage and
a large cell number. However, a different concept proposes that
metastasis formation is an early event in tumorigenesis (Bernards
and Weinberg, 2002) and that dissemination of premalignant cells
may be driven by the alteration of particular proto-oncogenes,
which occurs early during tumor development (Hüsemann et al.,
2008; Podsypanina et al., 2008). This hypothesis suggests that
many patients may harbor metastases or micrometastases at
diagnosis. It is of clinical importance to estimate the frequency
and size of such metastases when the tumor is first detected since
their existence influences diagnosis, prognosis and treatment
choices.

Mathematical models of metastasis formation have contributed
to the understanding of this aspect of the disease. Bosl et al. (1983)
developed a logistic regression model of metastatic testicular cancer
and predicted the prognoses of patients utilizing several clinical
characteristics, such as serum values of tumor markers and the total
number of metastatic sites. Panetta (1996) designed a competition
model between tumor and normal cells during periodically pulsed
chemotherapy and investigated parameter regions in which a tumor
recurs due to the presence of a small number of metastatic cells.
Thames et al. (1999) developed a mathematical model, which they
used to investigate the correlation between a delay of surgery for
breast cancer patients and the risk of distant metastases. These
authors found that a delay of surgery increases the risk of
dissemination by 1–4% per month. Wodarz and Anton-Culver
(2005) studied the dynamical interactions between a primary tumor
and its metastatic sites and investigated the growth of metastatic
tumors in cases in which the dissemination from the primary tumor
occurs early. The dynamics of metastases arising from a primary
tumor of constant size was investigated by Iwasa and colleagues;
these authors calculated the expected number of metastatic cells
over time in situations in which a single mutation (Michor et al.,
2005) or two mutations (Michor and Iwasa, 2006) are necessary to
confer metastatic abilities to a cell. In both cases, they found that the
ability to metastasize is likely a property of most if not all cells in the
primary tumor. Dingli et al. (2007) subsequently examined a
branching process model of tumor metastases and investigated the
effect of the export of metastatic cells from the primary site on the
growth of the primary tumor.

In this paper, we design and analyze a stochastic mathematical
model of the evolution of tumor metastases in an expanding
cancer cell population. We calculate the probability of metastasis
and the total number of cancer cells as well as of metastasized
cells at a particular time during tumorigenesis. Furthermore, we
investigate the effect of drug administration and tumor resection
on these quantities and predict the survival time of cancer
patients. Here we concentrate on situations in which the tumor
cell population exhibits robust clonal expansion, i.e. in which the
growth rate of tumor cells is significantly larger than the death
rate; situations in which growth and death rates are of similar
magnitude have been discussed elsewhere (Michor et al., 2006;
Michor and Iwasa, 2006; Dingli et al., 2007). The model presented
in this paper allows us to determine the probability and number
of metastases at diagnosis and to identify the optimum treatment
strategy to maximally prolong survival in cancer patients.
2. The model

2.1. The stochastic process

Consider the exponential expansion of cancer cells starting
from a single cell that has not yet evolved the ability to
metastasize. The cells follow a stochastic process: during each
elementary time step, a cell is chosen proportional to fitness for
reproduction, death, or export from the primary tumor to
establish a metastatic colony elsewhere. Time is measured in
numbers of cell divisions. Cells that have not yet evolved the
ability to metastasize are called type-0 cells. These cells divide at
rate r and die at rate d per time unit. We consider situations in
which metastatic ability is a consequence of a single genetic or
epigenetic change that occurs with probability u per cell division.
Cells carrying such an (epi)genetic change are called type-1 cells.
These cells divide at rate a1 and die at rate b1 per time unit. Once a
type-1 cell has been produced, it has a certain probability of being
exported from the primary tumor to attempt the establishment of
metastases elsewhere. The integrated rate of leaving the primary
site and founding a new colony at a distant site is denoted by q

(Fig. 1). The relative fitness of type-1 cells as compared to type-0
cells is given by a1 ¼ ða1 � b1 � qÞ=ðr � dÞ since an increased rate
of export, q, contributes to the loss of cells from the primary
tumor and hence leads to a selective disadvantage of type-1 cells.
If a1 ¼ 1, then the fitness of type-1 cells is neutral as compared to
type-0 cells and the metastasis-enabling mutation does not confer
an advantage or disadvantage to a cell in the primary tumor. If
a141—either through an increased growth rate or a decreased
death rate of type-1 cells, then the mutation confers an advantage
to those cells; and if a1o1—either through a decreased growth
rate, an increased death rate or a sufficiently large rate of export
of type-1 cells from the primary tumor, then the mutation confers
a disadvantage to the cells. Once a type-1 cell has emigrated to a
distant site, it may initiate exponential growth with division rate
a2 and death rate b2 per time unit; such metastasized cells are
referred to as type-2 cells (Fig. 1). The relative fitness of type-2
cells as compared to type-1 cells is given by a2 ¼ ða2 � b2Þ=

ða1 � b1 � qÞ. Again, if a2 ¼ 1, then the fitness of type-2 cells is
neutral, if a241, it is advantageous, and if a2o1, it is
disadvantageous as compared to the fitness of type-1 cells in
the primary tumor. The total number of tumor cells (including all
three types) at diagnosis is denoted by M1, and the total number
of tumor cells at autopsy is given by M2. Here diagnosis refers to
the initial detection of the tumor when the patient is first
admitted to the hospital, and autopsy refers to the time after the
death of the patient when the tumor is resected and the cause of
death determined. We assume that all three cell types contribute
to the size at diagnosis since in rare cases, metastatic disease with
unknown primary is diagnosed, in which case only type-2 cells
can be detected.

Once the tumor has been diagnosed with a population size of
M1, there are four options: (i) there may be only palliative
treatment due to the advanced age of the patient, the advanced
stage of the tumor, or other factors; (ii) the patient may undergo
surgery, which removes a fraction e of the primary tumor; (iii) the
patient may receive chemotherapy, which reduces the growth
rate and/or increases the death rate of all cells by factors of g and
Z; or (iv) the patient may undergo surgery followed by
chemotherapy (Fig. 1). This stochastic mathematical model serves
to investigate the probability that patients harbor metastases at a
particular time during tumorigenesis, the total number of cancer
cells, the effect of chemotherapy and tumor resection on these
quantities, and the survival time of cancer patients.
2.2. Computer simulations

We perform exact computer simulations of the stochastic
process. There are three types of cells: type-0, -1, and -2 cells.
Their respective numbers are denoted by x, y, and zi; the latter
specifies the number of cells in the i-th metastatic site.
A change in x, y, and zi can occur by cell division (possibly
with mutation), cell death, or export from the primary site.



ARTICLE IN PRESS

Time

C
el

l
nu

m
be

r

0

time of diagnosis

Type-0 ce
lls,

 ra
te r(1

-u)
-d

Typ
e-1

 ce
lls,

 ra
te 
a 1-
b 1-
q

ln 1

Type-0 cells, rate r’(1-
u)-d

’

Type-1 cells, rate a1’-b1’-q

time of autopsy

treatment

Typ
e-2

 ce
lls

, ra
te 
a 2-
b 2 Type-2 cells, rate a2’-b

2’

resection 

export

Survival time

ln M1

ln M2

Founding of 
1st met. site

Founding of 
2nd met. site

mutation

Fig. 1. Schematic illustration of the model. We consider three different types of tumor cells: type-0 cells reside in the primary tumor and have not yet evolved the ability to

metastasize. These cells divide and die at rates r and d per time unit and produce cells that have the ability to metastasize at rate u per cell division. These cells are called

type-1 cells, also reside in the primary tumor, and divide and die at rates a1 and b1 per time unit. Type-1 cells may be exported to found distant metastases at rate q per

time unit. Once exported, these cells are called type-2 cells. Each export event establishes a new metastatic colony in which type-2 cells proliferate and die at rates a2 and

b2 per time unit. Initially, there is one type-0 cell which initiates clonal expansion. The clone may produce type-1 and -2 cells. When the total number of all cell types

reaches M1, the tumor is diagnosed and treatment in the form of chemotherapy (assumed to reduce growth rates or increase death rates by factors g or Z) and/or surgery

(assumed to reduce the primary tumor by a factor e) initiates. Here r0 ¼ rð1� gÞ, a01 ¼ a1ð1� gÞ, a02 ¼ a2ð1� gÞ, d0 ¼ dð1þZÞ, b01 ¼ b1ð1þZÞ, and b02 ¼ b2ð1þZÞ. When the total

number of all cell types reaches M2, patients die.
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Each time an export event occurs, a new metastatic colony is
established. The number of sites where tumor cells can found
metastases is denoted by I. Initially, there is one type-0 cell,
x=1, and no type-1 or type-2 cells, y¼ zi ¼ 0 for all iA I.

The stochastic simulation is performed by determining the
probabilities of all possible events—the production and death of a
type-0, -1 or -2 cell and the export of a type-1 cell to found a new
metastatic site. The chance of each event occurring is proportional
to its rate normalized by the sum of the rates of all possible
events, given by G¼ ðrþdÞxþða1þb1þqÞyþ

PI
i ¼ 1ða2þb2Þzi. The

timing of the first event is given by a negative exponential
distribution with mean 1/G. The process is continued either until
all cells go extinct, x¼ y¼

P
izi ¼ 0, or until the total cell number

reaches the final size, xþyþ
P

izi ¼M1 at diagnosis or
xþyþ

P
izi ¼M2 at autopsy.

The transition probabilities between states of the stochastic
process are determined as follows. The number of type-0 cells
increases if a type-0 cell divides without mutating. Hence the
probability that the number of type-0 cells increases by one is
given by

Pr½ðx; y; z1; . . . ; zIÞ-ðxþ1; y; z1; . . . ; zIÞ� ¼ xrð1� uÞ=G: ð1aÞ

The number of type-1 cells increases by mutation of a type-0 cell
or by division of a type-1 cell. The probability that the number of
type-1 cells increases by one is given by

Pr½ðx; y; z1; . . . ; zIÞ-ðx; yþ1; z1; . . . ; zIÞ� ¼ ðxruþya1Þ=G: ð1bÞ

Export of a type-1 cell to a new metastatic site ðjA IÞ increases the
number of metastatic sites by one and decreases the number of
type-1 cells by one,

Pr½ðx; y; z1; . . . ; zj ¼ 0; . . . ; zIÞ-ðx; y� 1; z1; . . . ; zj ¼ 1; . . . ; zIÞ� ¼ yq=G:
ð1cÞ

The probability that the number of type-2 cells increases by one in
the i-th metastatic site is given by

Pr½ðx; y; z1; . . . ; zi; . . . ; zIÞ-ðx; y; z1; . . . ; ziþ1; . . . ; zIÞ� ¼ zia2=G: ð1dÞ

The probabilities that the numbers of type-0, -1, and -2 cells
decrease by one are given by

Pr½ðx; y; z1; . . . ; zIÞ-ðx� 1; y; z1; . . . ; zIÞ� ¼ xd=G

Pr½ðx; y; z1; . . . ; zIÞ-ðx; y� 1; z1; . . . ; zIÞ� ¼ yb1=G

Pr½ðx; y; z1; . . . ; zi; . . . ; zIÞ-ðx; y; z1; . . . ; zi � 1; . . . ; zIÞ� ¼ zib2=G: ð1eÞ

For each parameter set, we perform many independent runs of the
stochastic process to account for random fluctuations, and count the
fraction of runs that reach the final size, M1 or M2, and have produced
at least one type-2 cell. We also record the number of metastatic sites
with non-zero cell numbers, the total number of type-2 cells in those
sites, and the time between diagnosis and autopsy.

2.3. Analytical approximations

We have derived analytical approximations for three quan-
tities: (i) the probability of having at least one metastatic site at
diagnosis and at autopsy in dependence of the treatment options;
(ii) the expected number of metastatic sites at diagnosis and at
autopsy; and (iii) the expected total number of cells in all
metastatic sites at diagnosis and at autopsy. In the following, we
outline the derivations of these quantities.



ARTICLE IN PRESS

H. Haeno, F. Michor / Journal of Theoretical Biology 263 (2010) 30–44 33
2.3.1. Three quantities at diagnosis

(i) The probability of metastasis at diagnosis. The probability that
at least one metastatic site exists at diagnosis is given by

Pd ¼
XM1�1

x ¼ 1

e�bðx�1Þð1� e�bÞ

1� exp �qeða1�b1�qÞtx 1�
b2

a2

� �
=ða1 � b1 � qÞ

� �� �
: ð2Þ

Here b¼ ð1� ðb1þqÞ=a1Þu=ð1� d=rÞ. The time between the emer-
gence of a type-1 cell from x type-0 cells and when the total
number of type-0 and -1 cells reaches M1 is denoted by tx and is
given by xeðr�dÞtxþeða1�b1�qÞtx ¼M1. See Appendix A for details of
the derivation.

(ii) The expected number of metastatic sites at diagnosis. The
expected number of metastatic sites produced by a type-1 lineage
that arises when there are x type-0 cells is given by eða1�b1�qÞqð1�
b2=a2Þ=ða1 � b1 � qÞ (see Appendix A). Hence the expected
number of metastatic sites at diagnosis conditional on metastases
having emerged is given by

Ed ¼
1

Pd

XM1�1

x ¼ 1

e�bðx�1Þð1� e�bÞ qeða1�b1�qÞtx 1�
b2

a2

� �
=ða1 � b1 � qÞ

� �

ð3Þ

(iii) The expected total number of cells in all metastatic sites at

diagnosis. As described in Appendix B, the expected total number
of cells in all metastatic sites at diagnosis conditional to
metastases having emerged is given by

Zd ¼
1

Pd

XM1�1

x ¼ 1

PðxÞSðxÞ: ð4Þ

Here the probability that a type-1 cell emerges when there are x

type-0 cells is given by PðxÞ ¼ e�bðx�1Þð1� e�bÞ, and the expected
number of type-2 cells at diagnosis emerging from such a
type-1 lineage is given by SðxÞ ¼

R tx

0 LðsÞeða2�b2Þkx;s ds.
Here LðsÞ ¼ exp½�ðeða1�b1�qÞs � 1Þqð1� b2=a2Þ=ða1 � b1 � qÞ�ð1�
exp½�qeða1�b1�qÞsð1� b2=a2Þ�Þ represents the probability that the
first successful lineage of type-2 cells emerges at time s. The
parameter kx;s denotes the amount of time between the emergence
of a type-2 cell and the time of diagnosis, i.e. the time when the total
number of type-0, -1, and -2 cells reaches M1, under the condition
that a type-1 cell emerges when the number of type-0 cells is x; this
quantity is given by xeðr�dÞðsþkx;sÞ þeða1�b1�qÞðsþkx;sÞ þeða2�b2Þkx;s ¼M1.
The mathematical approach is outlined in Fig. 2a. Note that the
expression PðxÞ decreases with x; intuitively, when the number of
type-0 cells becomes very large, the length of time during which
there are exactly x such cells becomes very short. Therefore the
expected number of mutations occurring when there are x type-0
cells is approximately independent of x and is given by u=ð1� d=rÞ

(Iwasa et al., 2006). Furthermore, here we focus on the first
successful mutation occurring and hence the probability of
mutation decreases with x because the case is excluded in which
the mutation arises before the population of type-0 cells has reached
x. See Appendix B for details of the derivation.

2.3.2. Three quantities at autopsy

Let us now calculate these quantities at the time of autopsy.
If a patient does not receive any treatment—for reasons of
morbidity, advanced age or other factors—then the three
quantities are given by Eqs. (2)–(4) in which M1 is replaced
by M2. If treatment such as surgery or chemotherapy is
administered, then the analytical expressions are altered as
outlined below. Assume that chemotherapy reduces the growth
rates of all types of tumor cells by a factor g and increases the
death rate of all types of tumor cells by a factor Z such that
these rates during therapy are given by r0 ¼ rð1� gÞ,
a01 ¼ a1ð1� gÞ, a02 ¼ a2ð1� gÞ, d0 ¼ dð1þZÞ, b01 ¼ b1ð1þZÞ, and
b02 ¼ b2ð1þZÞ. Furthermore, assume that tumor resection re-
duces the number of cancer cells at the primary site (type-0 and
-1 cells) by a factor e. If both surgery and chemotherapy are
administered, then both effects apply.

(i) The probability of metastasis at autopsy with treatment. For
the derivation of this quantity, we first consider the probability
distribution of type-1 cells at diagnosis since the number of type-
1 cells influences the probability of the emergence of a type-2 cell.
The probability that the number of type-1 cells exceeds i at
diagnosis is given by

Di ¼ 1� exp½�

Z ki�hi

0
rueðrð1�uÞ�dÞvð1� ðb1þqÞ=a1Þdv�:

Here ki ¼ lnðM1 � iÞ=ðrð1� uÞ � dÞ and hi ¼ ln i=ða1 � b1 � qÞ for
iZ1. The expression ki � hi represents the amount of time during
which type-0 cells can accumulate mutations such that the
number of type-1 cells reaches frequency i at diagnosis. If ki � hi is
less than 0, then Di ¼ 0. The non-extinction probability of a type-1
lineage is given by ð1� ðb1þqÞ=a1Þ. Then the probability that
there are i type-1 cells at diagnosis is given by Di � Diþ1 (Fig. 2b).

After diagnosis, the dynamics of type-0 cells (xa) and type-1
cells (ya) are deterministically given by

dxa

dt
¼ ðr0ð1� uÞ � d0Þxa

dya

dt
¼ r0uxaþða

0
1 � b01 � qÞya: ð5Þ

The initial condition of the number of type-0 and -1 cells at
diagnosis is given by xað0Þ ¼ ðM1 � iÞð1� eÞ and yað0Þ ¼ ið1� eÞ,
respectively; we have e40 when considering a patient under-
going surgery. We can then obtain the number of type-1 cells at a
given time after diagnosis explicitly, and with that quantity, we
calculate the probability of metastasis emerging until autopsy,
Bði; tiÞ, as outlined in Appendix C. The time between diagnosis and
autopsy, ti, is given by ðM1 � iÞð1� eÞeðr0�d0 Þtiþ ið1� eÞeða01�b0

1
�qÞti

¼M2. Hence the probability of metastasis at autopsy when the
number of type-1 cells is iZ1 at diagnosis is given by

Pa1 ¼
XM1�1

i ¼ 1

Bði; tiÞðDi � Diþ1Þ:

Let us now consider the case in which there is no type-1 cell
present at diagnosis. According to Iwasa et al. (2006), the
probability of no mutation at diagnosis is given by

G¼ exp �
M1u

1� d=r

Z 1

0

1� ðb1þqÞ=a1

1� ½ðb1þqÞ=a1�va1
dv

" #
:

Recall that the relative fitness of type-1 cells as compared to type-
0 cells is denoted by a1 ¼ ða1 � b1 � qÞ=ðr � dÞ. Then the prob-
ability of metastasis at autopsy given that the metastasis-enabling
mutation has not emerged before diagnosis is given by

Pa2 ¼
XM2�1

x ¼ M1ð1�eÞ
e�bðx�1Þð1� e�bÞ

� 1� exp �qeða
0

1
�b0

1
�qÞt0x 1�

b02
a02

� �
=ða01 � b01 � qÞ

� �� �
: ð6Þ

Here the terms in the summation are the same as in Eq. (2), where
t0x represents the length of time between the emergence of the
first successful type-1 cell and autopsy, and is given by
ð1� eÞxeðr

0�d0 Þt0xþð1� eÞeða01�b0
1
�qÞt0x ¼M2 since the only difference

between this case and the probability of metastasis at diagnosis
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Fig. 2. Schematic illustration of the analytical approximations. The figure shows the mathematical expressions used for the derivation of the analytical approximation. (a)

Schema of the derivation of the three quantities at diagnosis. We first consider the probability that a type-1 cell arises when there are x type-0 cells, PðxÞ. Next we consider

the probability and expected number of export events of type-1 cells during tx (these quantities except tx and PðxÞ are not shown). In order to obtain the total number of

metastatic cells, the probability of export at time s is calculated as LðsÞ. The length of time between export and diagnosis is expressed as kx;s . The number of type-2 cells

after this time is deterministically calculated. (b) Schema of the derivation of the three quantities at autopsy. We first consider the probability that there are i type-1 cells at

diagnosis, Di � Diþ1. Then the probability and the expected number of export events of type-1 cells until autopsy are calculated (these quantities except ti , which

represents the amount of time between diagnosis and autopsy, are not shown). The derivation of the approximation for the case in which there are no type-1 cells at

diagnosis is not shown for simplicity. In order to obtain the total number of metastatic cells, the probability of export at time t0 after the diagnosis is calculated as L0ðt0Þ,
where the lineage of type-1 cells emerged when there were x type-0 cell. The length of time between export and autopsy is expressed as k0x,t0 . The number of type-2 cells

after this time is deterministically calculated. The case where type-2 cells exist at the time of diagnosis is not shown. The black line represents the growth of type-0 cells,

the blue line that of type-1 cells, and the red line that of type-2 cells.
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(Eq. (2)) is the initial condition. Taken together, the probability
of metastasis at autopsy is given by

Pa ¼ Pa1þG � Pa2: ð7Þ

See Appendix C for details of the derivation.
(ii) The expected number of metastatic sites at autopsy with

treatment. The expected number of metastatic sites at autopsy
under the condition that there are i type-1 cells at diagnosis is
given by A(i,ti) in Appendix C. Then the expected number of
metastatic sites at autopsy with treatment is given by

Ea ¼
1

Pa

� XM1�1

i ¼ 1

½Aði; tiÞðDi � Diþ1Þ�þG � Ea2

�
: ð8Þ
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Here the expected number of metastatic sites at autopsy given
that the metastasis-enabling mutation has not emerged before
diagnosis is denoted by Ea2. See Appendix C for details of the
derivation.

(iii) The expected total number of cells in all metastatic sites at

autopsy with treatment. The expected number of type-2 cells at
autopsy with treatment is given by

Za ¼ ðZa1þZa2Þ=Pa: ð9Þ

Here the expected number of type-2 cells at autopsy conditional
on the existence of such cells at diagnosis is given by

Za1 ¼
XM1�1

x ¼ 1

PðxÞ

Z tx

0
LðsÞzaðt

0Þds;

where t0 is calculated by x0eðr
0�d0 Þt0 þy0eða

0
1
�b0

1
�qÞt0 þz0eða

0
2
�b0

2
Þt0 ¼M2,

and the expected number of type-2 cells at autopsy conditional on
the absence of such cells at diagnosis is given by

Za2 ¼
XM1�1

x ¼ 1

PðxÞexp½�

Z tx

0
qeða1�b1�qÞvð1� b2=a2Þdv�

Z t0x

0
Lðt0Þeða

0
2
�b0

2
Þk0

x;t0 dt0:

See Appendix D for details of the derivation.
3. Results

Let us now investigate the parameter dependence of each
quantity. The probability of metastasis at diagnosis and at autopsy
without treatment is shown in Fig. 3. The analytical appro-
ximation, Eq. (2), accurately predicts the results of the exact
stochastic computer simulations. An increase of the mutation rate
and of the rate of export of type-1 cells from the primary tumor
increases the probability of metastasis at diagnosis (Fig. 3a and b).
The probability of metastasis at diagnosis decreases with an
increasing growth rate of type-0 cells because a quickly growing
tumor has a lower chance of accumulating mutations and
Fig. 3. The probability of metastasis at diagnosis. The figure shows the dependence of th

the predictions of the analytical approximation, Eq. (2), while the circles indicate t

M1 ¼ 1 000 000, r ¼ 0:011, a1 ¼ 0:016, a2 ¼ 0:021, d¼ b1 ¼ b2 ¼ 0:001, u¼ 10�5, and q¼
developing the ability to metastasize (Fig. 3c). This effect arises
because a faster growing tumor undergoes a smaller number of
cell divisions (and a smaller number of cell deaths) than a tumor
that grows more slowly; since the probability of metastases is
directly related to the number of cell divisions, a faster growing
tumor has a lower risk of metastases. An enhanced division rate of
type-1 cells increases the probability of metastasis at diagnosis
(Fig. 3d). The division rate of type-2 cells does not affect the
probability of metastasis to a large extent (data not shown)
because once metastatic colonies have been established, type-2
cells do not go extinct as long as the division rate is sufficiently
larger than the death rate. As the number of tumor cells at
diagnosis and the death rate increase, the probability of
metastasis at diagnosis also increases (Fig. 3e and f).

Let us next investigate the parameter dependence of the
expected number of metastatic sites at diagnosis and at autopsy
without treatment conditional to metastatic cells being present
(Fig. 4). The parameter dependence of this quantity is similar to
that of the probability of metastasis (Fig. 3), apart from the effect
of the mutation rate (Fig. 4a). Unlike the probability of metastasis,
the expected number of metastatic sites is not appreciably
affected by changes in the mutation rate.

The parameter dependence of the number of metastatic cells at
diagnosis conditional to metastases having emerged is shown in
Fig. 5. Again, the dependence is very similar to that of the
expected number of metastatic sites (Fig. 4), apart from the effect
of the division rate of type-1 cells (Fig. 5d). A large division rate of
type-1 cells increases the probability of metastasis and the
expected number of metastatic sites at diagnosis but decreases
the expected total number of metastatic cells. This effect emerges
because a large division rate of type-1 cells increases the number
of type-1 cells present at diagnosis, which leads to a high
probability of metastasis and a large expected number of
metastatic sites. However, metastatic cells cannot reach large
frequencies until diagnosis because the population size of
e probability of metastasis at diagnosis on various parameters. The curves indicate

he results of the direct computer simulation, system (1). Parameter values are

10�6.
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Fig. 4. The expected number of metastatic sites at diagnosis. The figure shows the dependence of the expected number of metastatic sites at diagnosis on various

parameters. The curves indicate the predictions of the analytical approximation, Eq. (3), while the circles indicate the results of the direct computer simulation, system (1).

Parameter values are M1 ¼ 1 000 000, r¼ 0:011, a1 ¼ 0:016, a2 ¼ 0:021, d¼ b1 ¼ b2 ¼ 0:001, u¼ 10�5, and q¼ 10�6.
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diagnosis is quickly reached due to the large growth rate of
type-1 cells. A large division rate of metastatic cells, however,
does result in large numbers of metastatic cells at diagnosis
(Fig. 5g).

Let us now consider the effects of chemotherapy and resection.
Figs. 6a–c show the probability of metastasis at autopsy when
chemotherapy is initiated at diagnosis (Fig. 6a and b) or the
primary tumor is resected at diagnosis (Fig. 6c). Interestingly,
both treatment options increase the probability of metastasis
since they prolong the survival time (i.e. time until autopsy); this
delay leads to an increase in the eventual probability of
metastasis. Drugs which increase the death rate of tumor cells
do not significantly alter the probability of metastasis, the number
of metastatic sites and the number of metastatic cells at autopsy
(Fig. 6b, e, h).

The expected number of metastatic sites conditional to
metastasis at autopsy when chemotherapy or resection is
administered is shown in Figs. 6d–f. The parameter dependence
is similar to that of the probability of metastasis at autopsy.
Interestingly, the expected number of metastatic sites at autopsy
is almost independent of the effect of resection (Fig. 6f). This
observation implies that most metastatic sites are founded before
diagnosis.

Lastly, the number of metastatic cells at autopsy with drug
administration or resection (conditional to metastasis) is shown
in Figs. 6g–i. Interestingly, the number of metastatic cells first
decreases with an increasing effect of drug administration on the
growth rate, but then drastically increases when g is sufficiently
large (Fig. 6g). When the administration of chemotherapy leads to
small reductions in the growth rate of tumor cells, then this effect
on the growth of type-2 cells leads to smaller numbers of
metastatic cells (see Fig. 5g). As the effect of chemotherapy
increases, the survival time of patients is enhanced and the
relative fitness of type-2 cells as compared to the other types
increases; this change in relative fitness leads to the sudden rise
of the expected number of type-2 cells at autopsy in Fig. 6g. A
large efficacy of resection increases the number of metastatic cells
because the reduction of the primary tumor by a large amount
prolongs the survival of the patient, which in turn increases the
number of metastatic cells.
3.1. The expected survival time

At the time of diagnosis, the expected survival time of a patient
is important information since it might influence treatment
choices. Therefore, let us now derive this quantity by setting the
sum of all tumor cell types at autopsy equal to M2. For
mathematical simplicity, we assume that the number of type-2
cells at diagnosis is small and neglect it in the derivation of the
survival time. The numbers of type-0 and -1 cells at diagnosis
depend on the time at which the first successful type-1 lineage
emerges. If this event occurs when there are x type-0 cells, then
the number of type-1 cells at diagnosis is given by eða1�b1�qÞtx ,
where tx is calculated from xeðr�dÞtxþeða1�b1�qÞtx ¼M1; the prob-
ability that a successful type-1 cell emerges when there are x

type-0 cells is given by PðxÞ ¼ e�ðx�1Þbð1� e�bÞ, where
b¼ uð1� ðb1þqÞ=a1Þ=ð1� d=rÞ. See Appendix A for the details of
the derivation. After diagnosis and resection, the expected
number of type-0 and -1 cells are respectively given by ð1�
eÞðM1 � eða1�b1�qÞtx Þ and ð1� eÞeða1�b1�qÞtx . Both cell types grow
exponentially until autopsy. Therefore, the expected time at
which the total number of cancer cells reaches M2 under the
condition that the first successful type-1 cell emerged when there
were x type-0 cells is given by

ð1� eÞðM1eðr
0�d0ÞTx � eða1�b1�qÞtx eðr

0�d0ÞTx Þþð1� eÞeða1�b1�qÞtx eða
0
1
�b0

1
�qÞTx ¼M2:

ð10Þ

Here the amount of time between the emergence of a type-1
lineage from x type-0 cells and diagnosis is given by tx and the
amount of time between diagnosis and autopsy is given by Tx.
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Fig. 5. The expected total number of metastatic cells at diagnosis. The figure shows the dependence of the expected total number of metastatic cells at diagnosis on various

parameters. The curves indicate the predictions of the analytical approximation, Eq. (4), while the circles indicate the results of the direct computer simulation, system (1).

Parameter values are M1 ¼ 1 000 000, r ¼ 0:011, a1 ¼ 0:016, a2 ¼ 0:021, d¼ b1 ¼ b2 ¼ 0:001, u¼ 10�5, and q¼ 10�6.
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Moreover, there is a possibility that no mutation occurs until
diagnosis (i.e., there are only type-0 cells present at diagnosis).
This probability is calculated as G in Eq. (C.8) in Appendix C.
Assuming that type-0 cells are dominant in the population until
autopsy and increase exponentially, the expected time until
autopsy, T0, is given by

T0 ¼
log½M2=ðð1� eÞM1Þ�

r0 � d0
: ð11Þ

Taken together, we obtain the expected survival time as

T ¼
XM1�1

x ¼ 1

PðxÞTxþG � T0: ð12Þ

Fig. 7a and b show the dependence of the expected survival time
on either treatment strategy. As expected, the survival time
increases drastically with the efficacy of the drug (Fig. 7a).
Furthermore, the more efficiently the resection of the primary
tumor is done, the longer the expected time of survival becomes
(Fig. 7b). We also investigate the relative survival benefit
conferred by either treatment option as compared to the
untreated case (Fig. 7c and d). The effect of drug administration
is independent of the size of the tumor at diagnosis, M1, while an
increased efficiency of resection prolongs the survival time
nonlinearly when the tumor is large at diagnosis. Furthermore,
we perform a comprehensive investigation of the combination of
the two treatment strategies (Fig. 8). The colors in the panels
indicate the relative survival time of a patient who receives either
or both treatment options compared to the untreated case
ðg¼ e¼ 0Þ. As the effect of treatment increases, the survival time
increases as well.

Furthermore, we perform a Kaplan–Meier analysis of
survival by using the simulation, system (1). Fig. 9 shows the
effect of different treatment choices on survival. We assume
that the number of tumor cells at diagnosis is given by a normal
distribution and the number at autopsy is constant. We
simulate the survival time of 50 patients with respect to each
treatment option (Fig. 9). Using this particular parameter set,
we find that the treatment choice reducing the growth rate of
tumor cells is the most effective option to prolong survival of
patients.
4. Discussion

In this paper, we have investigated the evolutionary dynamics
of metastases emerging from an expanding cancer cell population.
We have derived analytical approximations of several quantities,
such as the probability of metastasis at diagnosis and autopsy, the
expected number of metastatic colonies, and the expected total
number of metastatic sites. We found our approximations to be in
good agreement with the exact stochastic computer simulation of
the process.
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Fig. 6. Three quantities at autopsy with treatment. (a)–(c) The panels show the dependence of the probability of metastasis at autopsy on the two treatment strategies. The

curves indicate the predictions of the analytical approximations, Eq. (7), while the circles indicate the results of the direct computer simulation, system (1). Parameter

values are (a) M1 ¼ 250 000, M2 ¼ 1 000 000, r¼ 0:011, a1 ¼ 0:016, a2 ¼ 0:021, d¼ b1 ¼ b2 ¼ 0:001, u¼ 10�5, q¼ 10�6, and e¼ Z¼ 0:0; (b) e¼ g¼ 0:0; and (c) g¼ Z¼ 0:0.

(d)–(f) The panels show the dependence of the expected number of metastatic sites at autopsy on the two treatment strategies. The curves indicate the predictions of the

analytical approximations, Eq. (8), while the circles indicate the results of the direct computer simulations, system (1). Parameter values are as above. (e)–(g) The panels

show the dependence of the expected total number of metastatic cells at autopsy on the two treatment strategies. The curves indicate the predictions of the analytical

approximations, Eq. (9), while the circles indicate the results of the direct computer simulations, system (1). Parameter values are as above.
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The predictions of our model significantly depend on various
parameter values. The probability of metastasis at diagnosis is
large when: (i) the mutation rate conferring metastatic capabil-
ities to cells is large (Fig. 3a); (ii) the rate of export of metastasis-
enabled cells is high (Fig. 3b); (iii) the relative division rate of
tumor cells that have evolved the ability to metastasize (type-1
cells) is large (Fig. 3c and d); (iv) the number of tumor cells at
diagnosis is large (Fig. 3e); and (v) the death rate of tumor cells is
high (Fig. 3f). The expected number of metastatic sites conditional
to having metastases is large when: (i) the rate of export is
high (Fig. 4b); (ii) the relative division rate of type-1 cells is large
(Fig. 4c and d); (iii) the number of tumor cells at diagnosis is large
(Fig. 4e); and (iv) the death rate is high (Fig. 4f). The mutation rate
does not affect the number of metastatic sites at diagnosis to a
large extent (Fig. 4a). The parameter dependence of the total
number of metastatic cells is almost the same as that of the
number of metastatic sites (Fig. 5). Interestingly, an increase of
the division rate of type-1 cells increases the probability of
metastasis and the number of metastatic sites, but decreases the
total number of metastatic cells. This effect arises because a rapid
expansion of type-1 cells increases the proportion of type-1 cells
in the total population and the rate at which new metastatic sites
are founded, but decreases the time during which type-2 cells can
increase in abundance. The results that small numbers of tumor
cells at diagnosis decrease the risk of metastasis (Figs. 3e, 4e, and
5e) are consistent with the finding that early detection of tumors
reduces the risk of recurrence after therapy (Dawson et al., 1998).
We have also obtained accurate predictions (as tested with direct
computer simulations) of the survival period after diagnosis with
or without treatment (Fig. 7). As expected, the administration of
treatments (chemotherapy and/or resection of the primary
tumor) increases the survival time (Figs. 7 and 8). If the number
of tumor cells at diagnosis and the effect of chemotherapy are
small, resection of a large fraction of the primary tumor is needed
to prolong survival effectively (Fig. 8a). If the number of tumor
cells at diagnosis is small and the effect of chemotherapy is large,
then resection of the tumor does not affect the survival time
noticeably (Fig. 8a–c). Hence as long as the number of tumor cells
at diagnosis is large, resection of the primary tumor is very
effective to prolong survival (Fig. 8d). We also performed a
Kaplan–Meier analysis to visualize the effect of particular
treatment options (Fig. 9).

One of the questions arising in metastasis research pertains to
the time at which dissemination of metastatic cells first occurs
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Fig. 7. The survival time after diagnosis with treatment. Panels (a) and (b) show the dependence of the survival time after diagnosis on the two treatment strategies. The

curves indicate the predictions of the analytical approximation, Eq. (12), while the circles indicate the results of the direct computer simulation, system (1). Panels (c) and

(d) show the relative survival time compared the untreated case ðg¼ e¼ 0:0Þ. Parameter values are (a) and (c) M1 ¼ 250 000, M2 ¼ 1 000 000, r¼ 0:011, a1 ¼ 0:016,

a2 ¼ 0:021, d¼ b1 ¼ b2 ¼ 0:001, u¼ 10�5, q¼ 10�6, and e¼ 0:0; and (b) and (d) g¼ 0:0.
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(Bernards and Weinberg, 2002). Using Eq. (3), we determine the
number of tumor cells at the time when metastasis first emerges,
i.e. when the expected number of metastatic sites is one (Fig. 10).
If the tumor expands slowly, then the first metastasis likely
arises when a small number of tumor cells are present. When the
rate of metastasis, q, is high, then a small number of tumor cells
is sufficient to lead to successful establishment of metastatic
sites.

The estimation of parameter values needed for the model is
complicated by the fact that quantitative studies into growth and
death rates, export probabilities, and mutation frequencies of
cancer cells are still rare. One important consideration pertains to
the cell type of interest for our calculations; if all cells in a tumor
may accumulate a mutation leading to enhanced metastatic
propensity, then the numbers of cells at diagnosis and autopsy
(M1 and M2) are given by the total tumor burden at that time.
However, it could be that only tumor stem cells have the required
characteristics of self-renewal and evolvability (Dick, 2008) and
hence are the only cells that can accumulate mutations leading to
metastasis-enabled cells. Let us consider chronic myeloid leuke-
mia (CML) as a particular example. CML is diagnosed once the
number of tumor cells approximately equals the number of
healthy cells and hence the total number of tumor cells at
diagnosis is about 1012. The number of tumor stem cells at that
time has been estimated at about 100,000 cells (Holyoake et al.,
1999). Hence, if all tumor cells may accumulate mutations leading
to metastases, then the population size at diagnosis is around
M1 ¼ 1012 while it is approximately M1 ¼ 105 if only tumor stem
cells may accumulate such changes. Similar considerations apply
for the estimation of mutation rates, which may differ between
cell types (Cairns, 1975), and the rate of export of cells and their
survival in the bloodstream.

Not only different cell types, but also cancer types influence
the dynamics of growth and metastatic progression. While about
40% of breast cancer patients relapse and develop metastatic
disease, only 10% of prostate cancer patients do so (American
Cancer Society). Pancreatic cancer is a notoriously invasive cancer
type in that approximately 80% of patients present with
unresectable disease due to the presence of metastases or local
extension (El Kamar et al., 2003). As a comparison, only 21% of
breast cancer patients present with metastases at diagnosis
(Cazzaniga et al., 2006). As shown in Fig. 7d, our results imply
that tumor resection effectively prolongs survival when the tumor
is large. However, many cancer patients cannot undergo surgery
to remove the primary tumor since metastatic dissemination has
already occurred before diagnosis. Therefore, prevention of
invasion as well as early detection can prolong survival in
patients.

Interdisciplinary studies utilizing theory, experiments and
clinical findings provide qualitative and quantitative insights into
complex phenomena such as the development of tumor metas-
tases. In this study, we have determined the probability that
metastatic dissemination has already occurred before diagnosis of
the tumor. If supplied with the right parameter values derived
from experimental and clinical investigations, our theory is able
to predict the metastatic profile of cancer patients. This know-
ledge is useful for the estimation of the number of undetectable
metastatic sites at diagnosis—it has been shown that dissemi-
nated tumor cells can exist in distant organs at the time of
diagnosis of the primary tumor (Riethdorf et al., 2008) and
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Fig. 8. The relative survival time of a patient after diagnosis with treatment compared to the untreated case. The expected survival time is calculated from Eq. (12).

Parameter values are M2 ¼ 1 000 000, r¼ 0:011, a1 ¼ 0:016, a2 ¼ 0:021, d¼ b1 ¼ b2 ¼ 0:001, u¼ 10�5, and q¼ 10�6.

Fig. 9. Kaplan–Meier analysis. The figure shows the probability of survival depending on the treatment option. We performed 50 runs of the exact simulation (system 1)

and recorded the survival time after diagnosis for each patient. The black line represents the survival probability over time without any treatment; the blue line with

administration of a drug that reduces the growth rate of tumor cells; the green line with administration of a drug that increases the death rate of tumor cells; and the red

line with tumor resection. The tumor size at diagnosis is given by a normal distribution with mean value 250,000 and standard deviation 50,000. Parameter values are

M2 ¼ 1 000 000, r¼ 0:011, a1 ¼ 0:016, a2 ¼ 0:021, d¼ b1 ¼ b2 ¼ 0:001, u¼ 10�5, and q¼ 10�6.
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Fig. 10. Tumor size at the time of the first metastatic dissemination. The figure

shows the tumor size when the expected number of metastatic sites is one.

Parameter values are d¼ b1 ¼ b2 ¼ 0:001 and u¼ 10�5. Growth rates vary between

r¼ a1 ¼ a2 ¼ 0:002 and r¼ a1 ¼ a2 ¼ 0:016. Results using two values for the rate of

metastatic dissemination, q, are shown.
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premalignant cells are able to initiate metastatic dissemination
(Hüsemann et al., 2008; Podsypanina et al., 2008). We have also
investigated how treatment options such as chemotherapy and
surgical resection of the primary tumor modulate the survival
time of patients, and have identified treatment strategies that are
able to effectively prolong survival in dependence of the primary
tumor size at diagnosis.

In future studies, it will be important to (i) determine the
parameter values needed to inform the model and identify the
optimum treatment strategies, (ii) consider the necessity of
multiple mutations to confer metastatic abilities to cells, (iii)
investigate the effect of competition among different cell types,
and (iv) model spatially explicit situations arising in metastasis
development, in which the rates of leaving a primary site via the
steps of intravasation into blood vessels, transition in the blood
stream, extravasation from blood vessels, and founding a new
colony at a distant site are expressed separately.
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Appendix A. The probability of metastasis at diagnosis

Let PðxÞ be the probability that the first successful lineage of
type-1 cells arises when there are x type-0 cells. This probability
can be written as the product of the probability that no successful
type-1 cell lineage arises when there are 1, 2, 3,y, x�1 type-0
cells, and the probability that a successful type-1 cell lineage is
created when there are exactly x type-0 cells. We assume that the
number of type-1 cells created when there are x type-0 cells
follows a Poisson distribution with mean Rx. A fraction of these
newly produced cells survive the initial stochastic fluctuations
and give rise to an exponentially growing lineage. The surviving
fraction is given by o¼ 1� ðb1þqÞ=a1, the non-extinction prob-
ability. Hence we have PðxÞ ¼

Qx�1
x0 ¼ 1 e�oRx0 ð1� e�oRx Þ. Iwasa et al.

(2006) show that the expected number of type-1 cells arising
when there are x type-0 cells is given by Rx ¼ u=ð1� d=rÞ, which is
independent of x. With b¼o � Rx ¼ ð1� ðb1þqÞ=a1Þ � u=ð1� d=rÞ,
we have PðxÞ ¼ e�ðx�1Þ=bð1� e�bÞ (Haeno et al., 2007). The deriva-
tion of PðxÞ is outlined in Fig. 2a.

Next we consider the probability that a surviving type-2 cell is
created within a lineage starting from one type-1 cell. Let y be the
number of type-1 cells present when the total cell population
reaches size M1, and let N be the mean number of export events
that occur while type-1 cells increase from 1 to y cells. The per
capita rate of increase of type-1 cells is given by a1 � b1 � q, and
the per capita rate of export events is given by q. Hence we have
ða1 � b1 � qÞ=q¼ ðy� 1Þ=N. With yb1, this expression becomes
N¼ yq=ða1 � b1 � qÞ. Hence the probability that at least one cell of
the lineage establishes a new metastatic site is given by Q ðxÞ ¼ 1�
exp½�qyð1� b2=a2Þ=ða1 � b1 � qÞ� where y¼ exp½ða1 � b1 � qÞtx�.
The expression tx denotes the amount of time between the
emergence of a successful type-1 cell and when the total number
of type-0 and -1 cells reaches M1, and ð1� b2=a2Þ is the
probability of non-extinction of the new type-2 lineage. If yb1,
we have

xeðr�dÞtxþeða1�b1�qÞtx ¼M1: ðA:1Þ

Here x exp½ðr � dÞtx� is the number of type-0 cells at diagnosis,
exp½ða1 � b1 � qÞtx� is the number of type-1 cells at diagnosis, and
their sum equals M1. Note that we neglect the number of type-2
cells at diagnosis in this derivation. Eq. (A.1) is a transcendental
equation and has to be solved numerically to obtain tx. Then the
probability of metastasis at diagnosis is given by Pd ¼

PM1�1
x ¼ 1 PðxÞ �

Q ðxÞ in the main text.
Appendix B. The expected total number of cells in all
metastatic sites at diagnosis

Let us consider the number of type 2-cells once the population
reaches its final size, M1, by using a deterministic approximation.
Note that we have already derived the probability that at least one
type-2 cell exists at the time of diagnosis, Pd, and the amount of
time between the emergence of the first type-1 cell and diagnosis,
tx; in the derivation of the latter quantity, we neglected the
number of type-2 cells for mathematical simplicity. Let us now
consider the probability that a type-2 cell emerges at time s after
the appearance of a type-1 cell. The probability that the first
successful lineage of type-2 cells emerges at time s is given by

LðsÞ ¼ exp
�ðeða1�b1�qÞs � 1Þq

a1 � b1 � q
1�

b2

a2

� �� �

� 1� exp �qeða1�b1�qÞs 1�
b2

a2

� �� �� �
: ðB:1Þ

Here the probability that no metastases have emerged until
time s is given by exp½�

R s
0 qeða1�b1�qÞvð1� b2=a2Þdv� leading to

the first term in Eq. (B.1), while the probability that the
successful metastatic site arises at time s is given by
1� exp½qeða1�b1�qÞsð1� b2=a2Þ�. The number of type-1 cells at time
s after the emergence of their clone is expressed as eða1�b1�qÞs and
the probability of non-extinction of the newly emerged type-2
lineage is given by ð1� b2=a2Þ. Once a type-2 cell has emerged, it
gives rise to a lineage which increases exponentially until
diagnosis. The amount of time between the emergence of the
first successful type-2 cell (which was produced from a lineage
of type-1 cells that arose when there were x type-0 cells)
and diagnosis is denoted by kx;s, which is given by
xeðr�dÞðsþkx;sÞ þeða1�b1�qÞðsþkx;sÞ þeða2�b2Þkx;s ¼M1. Type-1 cells may
be exported from the primary tumor during the time period of
length tx. Hence the expected total number of cells in all
metastatic sites at diagnosis is given by Eq. (4) in the main text,
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SðxÞ ¼
R tx

0 LðsÞeða2�b2Þkx;s ds. The mathematical approach is outlined
in Fig. 2a.

Appendix C. The probability of metastasis at autopsy with
treatment

Let us first consider the probability distribution of the number
of type-1 cells at diagnosis; this quantity is needed to derive the
probability of metastasis at autopsy because the stochasticity in
the number of type-1 cells at diagnosis cannot be neglected. Let i

be the number of type-1 cells at diagnosis, and let hi be the time it
takes from the appearance of the first successful type-1 cell until
diagnosis. Assuming that type-1 cells increase exponentially in
abundance, we have hi ¼ ln i=ða1 � b1 � qÞ for iZ1. If there are i

type-1 cells at diagnosis, then we can calculate the amount of
time for the type-0 cell lineage to increase from the first cell until
diagnosis as ki ¼ lnðM1 � iÞ=ðrð1� uÞ � dÞ. The probability that the
number of type-1 cells at diagnosis exceeds i is equivalent to the
probability that a type-1 cell emerges during the time period
ki � hi and is given by

Di ¼ 1� exp �

Z ki�hi

0
rueðrð1�uÞ�dÞv 1�

b1þq

a1

� �
dv

" #
: ðC:1Þ

Here ð1� ðb1þqÞ=a1Þ represents the non-extinction probability
for a type-1 cell lineage. In particular, the probability that the
number of type-1 cells is larger than one is given by

D1 ¼ 1� exp �

Z k1

0
rueðrð1�uÞ�dÞv 1�

b1þq

a1

� �
dv

" #
: ðC:2Þ

Eq. (C.2) represents the deterministic approximation of the
probability that at least one mutated cell exists at time k1. The
probability that there are i type-1 cells at diagnosis is given by
Di�Di +1 (Fig. 2b).

Let us now consider the dynamics of tumor cells during
treatment. Since the numbers of type-0 and -1 cells at diagnosis
are expected to be large, we can approximate their dynamics with
a deterministic model. Denote the number of type-0 and -1 cells
after diagnosis by xa and ya. Then we have

dxa

dt
¼ ðr0ð1� uÞ � d0Þxa;

dya

dt
¼ r0uxaþða

0
1 � b01 � qÞya: ðC:3Þ

With the initial condition xað0Þ ¼ ðM1 � iÞð1� eÞ and
yað0Þ ¼ ið1� eÞ, we have

xaðtÞ ¼ ðM1 � iÞð1� eÞeðr0 ð1�uÞ�d0 Þt

yaðtÞ ¼ ið1� eÞeða01�b0
1
�qÞtþ

ðM1 � iÞð1� eÞr0u
r0ð1� uÞ � d0 � a01þb01þq

ðeðr
0 ð1�uÞ�d0 Þt � eða

0

1
�b0

1
�qÞtÞ:

ðC:4Þ

Then the expected total number of mutational events until time ti

is given by

Aði; tiÞ ¼

Z ti

0
qyðkÞð1� b02=a02Þ dk¼

y0qðeða
0
1
�b0

1
�qÞti � 1Þð1� b02=a02Þ

a01 � b01 � q

þ
r0uqx0ð1� b02=a02Þ

r0ð1� uÞ � d0 � a01þb01þq

eðr
0 ð1�uÞ�d0 Þti � 1

r0ð1� uÞ � d0
�

eða
0
1
�b0

1
�qÞti � 1

a01 � b01 � q

 !
:

ðC:5Þ

Assuming a Poisson distribution of the mutational events, the
probability of metastasis at time ti after diagnosis, starting from i

type-1 cells at diagnosis, is given by

Bði; tiÞ ¼ 1� exp½�Aði; tiÞ�: ðC:6Þ
The time period between diagnosis and autopsy, ti, is given by
ðM1 � iÞð1� eÞeðr0�d0 Þtiþ ið1� eÞeða01�b0

1
�qÞti ¼M2 (Fig. 2b). When con-

sidering all possibilities for the number of type-1 cells at
diagnosis, we obtain the probability of metastasis at autopsy as

Pa1 ¼
XM1�1

i ¼ 1

Bði; tiÞðDi � Diþ1Þ: ðC:7Þ

Let us now consider the case in which there is no type-1 cell at
diagnosis, i=0. According to Iwasa et al. (2006), the probability
that there is no type-1 cell at diagnosis is given by

G¼ exp �
M1u

1� d=r

Z 1

0

1� ðb1þqÞ=a1

1� ½ðb1þqÞ=a1�va1
dv

" #
: ðC:8Þ

To calculate the probability of metastasis at autopsy for the
case in which there are no type-1 cells at diagnosis, we utilize
the derivation of the probability of metastasis at diagnosis
(Appendix A), since the situation at autopsy differs from the
situation at diagnosis in the initial number of type-0 cells only.
Let us first consider the expected number of type-1
cells arising when there are x type-0 cells; this number is
given by R0x ¼ r0ux

R1
0 fxðtÞdt where fxðtÞ is the probability that

there are x type-0 cells at time t after diagnosis. We
consider a Markov chain of the number of type-0 cells with
division rate r0 and death rate d0 and approximate the number
of cells at diagnosis, M1, as the reflecting boundary condition;
i.e. the number of type-0 cells cannot become less than M1.
Then we have

dfx

dt
¼ r0ðx� 1Þfx�1þd0ðxþ1Þfxþ1 � ðr

0 þd0Þxfx; ðC:9aÞ

where x¼M1þ1, M1þ2; . . . ;M2 � 2. Furthermore, we have

dfM1

dt
¼ d0ðM1þ1ÞfM1þ1 � r0M1fM1

; ðC:9bÞ

dfM2�1

dt
¼ r0ðM2 � 2ÞfM2�2 � ðr

0 þd0ÞðM2 � 1ÞfM2�1: ðC:9cÞ

In Eq. (C.9b), we assume that M1 represents the reflecting
boundary condition and therefore, we neglect cell death
occurring when there are M1 cells. The initial condition is
given by fM1

ð0Þ ¼ 1, and fxð0Þ ¼ 0 for x¼M1þ1,
M1þ2; . . . ;M2 � 1. With gx ¼ x

R1
0 fxðtÞdt, we have

0¼ r0gx�1þd0gxþ1 � ðr
0 þd0Þgx;where x¼M1þ1;M1þ2; . . . ;M2 � 2:

ðC:10aÞ

�1¼ d0gM1þ1 � r0gM1
; ðC:10bÞ

0¼ r0gM2�2 � ðr
0 þd0ÞgM2�1 ðC:10cÞ

Eq. (C.10b) becomes gM1þ1 � gM1
¼ gM1

ðr0 � d0Þ=d0 � 1=d0 and then
Eq. (C.10a) becomes gxþ1 � gx ¼ ðr0=d0Þx�M1 ðgM1

ðr0 � d0Þ=d0 � 1=d0Þ.
Hence gx ¼ gM1

ðr0=d0Þx�M1þð1� ðr0 � d0Þx�M1 Þ=ðr0 � d0Þ. From Eq.
(C.10c), we have gM1

� 1=ðr0 � d0Þ. We further have gx � 1=ðr0 �
d0Þ for x¼M1þ1;M1þ2; . . . ;M2 � 2. Using these results, we
have R0x ¼ u=ð1� d0=r0Þ. The non-extinction probability of a
type-1 lineage is given by 1� ðb01þqÞ=a01 and the probability
of metastases arising from such a type-1 lineage is
given by Q 0ðxÞ ¼ 1� exp½�qy0ð1� b02=a02Þ=ða

0
1 � b01 � qÞ�. Here y0 ¼

eða
0

1
�b0

1
�qÞt0x and t0x, which represents the length of time between

the emergence of the first successful type-1 cell and
autopsy, is given by xeðr

0�d0 Þt0xþeða
0

1
�b0

1
�qÞt0x ¼M2. Taken together,

the probability of metastasis at autopsy given that there
is no type-1 cell at diagnosis is given by Eq. (6) in the main
text.

Finally the probability of metastasis at autopsy with treatment
is given by Eq. (7) in the main text. The expected number of
metastatic sites at autopsy with treatment given that there is no
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type-1 cell at diagnosis is given by

Ea2 ¼
XM2�1

x ¼ M1ð1�eÞ
e�bðx�1Þð1� e�bÞ qeða

0
1
�b0

1
�qÞt0x 1�

b02
a02

� �
=ða01 � b01 � qÞ

� �
:

Appendix D. The expected total number of cells in all
metastatic sites at autopsy with treatment

Let us now consider the expected number of type-2 cells once
the total number of all cell types reaches M2 at autopsy. Note that
we have already derived the probability that at least one
type-2 cell exists at autopsy, Pa. Let us first consider the case in
which the first successful type-2 lineage emerges before
diagnosis. The probability that the first surviving type-2 cell
lineage arises at time s from a type-1 cell lineage that emerged
when there were x type-0 cells is given by LðsÞ in Eq. (B.1).
Once a type-2 cell has emerged, its lineage will increase
exponentially in abundance until diagnosis. The amount of time
between the emergence of a type-2 cell and diagnosis is given by
kx;s and is derived numerically from xeðr�dÞðsþkx;sÞ þeða1�b1�qÞðtþkx;sÞ

þeða2�b2Þkx;s ¼M1. Right after diagnosis and resection, the
expected numbers of type-0, -1, and -2 cells are given by
x0 ¼ ð1� eÞxeðr�dÞðsþkx;sÞ, y0 ¼ ð1� eÞeða1�b1�qÞðsþkx;sÞ, and z0 ¼

eða2�b2Þkx;s , respectively. Here the factor ð1� eÞ represents the
effect of resection of the primary tumor. After diagnosis we
approximate the dynamics of the number of type-2 cells, za,
deterministically as

dza

dt
¼ ða02 � b02Þza: ðD:1Þ

The number of type-2 cells at autopsy is then given by
zaðt0Þ ¼ z0eða

0
2
�b0

2
Þt0 . Here t0 is calculated by x0eðr

0�d0 Þt0 þ

y0eða
0
1
�b0

1
�qÞt0 þz0eða

0
2
�b0

2
Þt0 ¼M2. Hence the expected number of

type-2 cells at autopsy in the situation in which type-2 cells have
emerged before diagnosis is given by

Za1 ¼
XM1�1

x ¼ 1

PðxÞ

Z tx

0
LðsÞzaðt

0Þds: ðD:2Þ

Here PðxÞ represents the probability that the first successful type-
1 cell emerges when there are x type-0 cells (see Appendix A.)

Let us next consider the case in which the first successful type-
2 cell does not emerge before diagnosis, but does arise between
diagnosis and autopsy. Under the condition that a type-1 cell
lineage emerges when there are x type-0 cells but does not
metastasize until diagnosis, the numbers of type-0, -1, and -2 cells
at diagnosis are given by x0 ¼ ð1� eÞxeðr�dÞtx , y0 ¼ ð1� eÞeða1�b1�qÞtx ,
and z0 ¼ 0. Here tx is calculated from xeðr�dÞtxþeða1�b1�qÞtx ¼M1.
Then the probability that the first surviving type-2 cell emerges at
time t0 after diagnosis is given by

L0ðt0Þ ¼ exp �

Z t0

0
qy0eða

0
1
�b0

1
�qÞv 1�

b02
a02

� �
dv

� �

� 1� exp �qy0eða
0

1
�b0

1
�qÞt0 1�

b02
a02

� �� �� �
: ðD:3Þ

Here the first term on the right-hand side represents the
probability that no type-2 cell emerges until time t0, while the
second term represents the probability that the first type-2 cell
emerges at time t0 after diagnosis. Once a type-2 cell has emerged,
its lineage increases exponentially in abundance until autopsy.
The amount of time between the emergence of the first type-2 cell
and autopsy is given by k0x,t0 and is numerically obtained from
x0eðr

0�d0 Þðt0 þk0
x;t0 Þ þy0eða

0
1
�b0

1
�qÞðt0 þk0

x;t0 Þ þeða
0
2
�b0

2
Þk0

x;t0 ¼M2. Then the ex-
pected number of type-2 cells at autopsy in the case in which
there are no type-2 cells present at diagnosis is given by

Za2 ¼
XM1�1

x ¼ 1

PðxÞexp �

Z tx

0
qeða1�b1�qÞv 1�

b2

a2

� �
dv

� �

�

Z t0x

0
Lðt0Þeða

0
2
�b0

2
Þk0

x;t0 dt0: ðD:4Þ

Here the factor exp½�
R tx

0 qeða1�b1�qÞvð1� b2=a2Þdv� represents the
probability that there are no type-2 cells present at diagnosis, and
t0x is obtained from x0eðr

0�d0 Þt0xþy0eða
0
1
�b0

1
�qÞt0x ¼M2. Finally, ex-

pected number of type-2 cells at autopsy is given by Eq. (9) in the
text. A schematic illustration of the derivation of each quantity is
shown in Fig. 2b.
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