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Abstract
Viruses like the human immunodeﬁciency virus (HIV), the hepatitis B virus (HBV), the hepatitis C virus (HCV) and many others
undergo numerous rounds of inaccurate reproduction within an infected host. The resulting viral quasispecies is heterogeneous and
sensitive to any selection pressure. Here we extend earlier work by showing that for a wide class of models describing the interaction
between the virus population and the immune system, virus evolution has a well-deﬁned direction toward increased pathogenicity.
In particular, we study virus-induced impairment of the immune response and certain cross-reactive stimulation of speciﬁc immune
responses. For eight different mathematical models, we show that virus evolution reduces the equilibrium abundance of uninfected
cells and increases the rate at which uninfected cells are infected. Thus, in general, virus evolution makes things worse. An idea for
combating HIV infection, however, is constructing a virus mutant that could outcompete the existing infection without being
pathogenic itself.
r 2004 Elsevier Ltd. All rights reserved.
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1. Introduction
Virus evolution as mechanism of disease progression
in human immunodeﬁciency virus (HIV) infection has
been a common theme for the last 15 years (Nowak et
al., 1990, 1991, 1995; De Boer and Boerlijst, 1994;
Sasaki, 1994; Regoes et al., 1998; Nowak and May,
2000; Iwasa et al., 2004). The basic theoretical idea is
that a rapidly replicating HIV quasispecies establishes a
permanent infection that goes through many viral
generations within a short time. The immune system
mounts responses to various viral epitopes, but the virus
population escapes from many such responses by
generating mutants that are not recognized in particular
epitopes. During the cause of infection, virus evolution
proceeds toward increasing pathogenicity by reducing
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immune control and increasing viral abundance. There
is ample experimental evidence for this mode of disease
progression: (i) the HIV population in any one infected
host is fairly homogeneous during primary phase and
heterogeneous afterwards (Nowak et al., 1991; Holmes
et al., 1992; Bonhoeffer and Nowak, 1994; Bonhoeffer et
al., 1995; Wolinsky et al., 1996); (ii) the average life cycle
of HIV during the asymptomatic phase of infection is
short, about 1–2 days (Wei et al., 1995; Ho et al., 1995;
Perelson et al., 1996; Bonhoeffer et al., 1997); hence the
HIV quasispecies can rapidly respond to selection
pressure; (iii) HIV escapes from B-cell- and T-cellmediated immune responses (Phillips et al., 1991;
Nowak et al., 1995; Borrow et al., 1997; Goulder et al.,
2001; Wei et al., 2003; Addo et al., 2003).
In a previous paper (Iwasa et al., 2004), we analysed
models for the evolutionary dynamics of virus or other
infectious agents within a host. We mathematically
examined how the invasion of a new strain affects the
composition and diversity of viral population in a host.
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We showed that—under strain speciﬁc immunity—the
equilibrium abundance of uninfected cells always
declines during viral evolution. In addition, for cytotoxic immunity the absolute force of infection, and for
non-cytotoxic immunity the absolute cellular virulence
increases during viral evolution. However, we could also
illustrate by two examples that these unidirectional
trends of virus evolution under immune selection do not
hold for general cross-reactive immune responses, which
introduce frequency-dependent selection among viral
strains.
In the present paper as a sequel to Iwasa et al. (2004),
we show that, for some classes of models with virusinduced impairment of immune responses or crossreactive immune stimulations, the same directional
evolutionary trends hold as in the models without
cross-immunity. These classes includes several different
models studied in Regoes et al. (1998) with small
modiﬁcations. We can also prove that these hold for
models with cross-immunity, in which the abundance of
a strain would enhance (rather than impair) the immune
activities on other strains. We will discuss different
functional forms of immune activation (De Boer and
Perelson, 1995, 1998).

2. Model of immune impairment
We consider the following situation. Initially there are
a certain number of strains coexisting in the system at
equilibrium. Then a strain which is currently absent
invades the system with a very small initial abundance.
It may increase or decrease. If it increases, it may be
included as an additional strain, increasing strain
diversity. Alternatively, the invasion of a new strain
may cause the extinction of one or more of the resident
strains.
2.1. Model 1: cross-reactive immune impairment
Consider the following model of the virus–immunity
dynamics:
n
X
dx
¼ l  dx 
bi yi x;
dt
i¼1

(1a)

dyi
¼ ðbi x  ai  pi zi Þyi ;
dt

(1b)

!
n
X
dzi
¼ c i yi  bi z i 1 þ u
bj yj ;
dt
j¼1

(1c)

where x is the number of uninfected cells, yi is the
number of cells infected by viral strain i, and zi is the
intensity of immune reaction speciﬁc to viral strain i.
Eq. (1a) indicates that the uninfected cells are supplied

at a constant rate l but will decay at rate d. The third
term of Eq. (1a) is the rate at which uninfected cells
become infected at a rate proportional to yi : bi is the rate
of transmission of strain i. Here we do not model the
dynamics of free viral particles explicitly, but we simply
assume that the number of free viral particles would be
proportional to the number of cells infected. This is
valid as the number of free vial particles would change
at a much shorter time-scales than those variables in
Eq. (1) (Perelson et al., 1996; Ho et al., 1995; Regoes
et al., 1998; Iwasa et al., 2004).
Eq. (1c) indicates that the immunity speciﬁc to viral
strain i is activated at a rate proportional to the
abundance of uninfected cells yi and hence proportional
to the number of free viral particles. The decay rate is
not a constant but an increasing
function of the total
P
abundance of virus, bi ð1 þ u nj¼1 bj yj Þ: This assumption
represents the effect that any viral strain impairs to some
degree immune activity against other viral strains.
Now we consider the following situation. Initially
there are one or a few strains in the host body, which
may be maintained at equilibrium. Then a new strain is
created by the mutation of an existing strain. The new
invader is initially very rare, and it may just go extinct.
But it may increase its abundance. If so, it may coexist
with the resident strains, but it also may drive some of
the resident strains to extinction, realizing a new
equilibrium with a fewer coexisting strains. Over many
years, a number of events of invasion of new strains
occur possibly followed by change in the strain
composition.
We ask whether or not there is any systematic
difference between the equilibrium after the invasion
of a new strain followed by the replacement and the one
before the invasion. If so, we may be able to identify a
unidirectional evolutionary trend of virus controlled by
immune selection. Iwasa et al. (2004) examined the
model Eq. (1) with u ¼ 0; and proved mathematically
that the successful invasion of a new strain always
decreases the equilibrium abundance of uninfected cells,
and
Pn always increases the total force of infection
i¼1 bi yi : Based on a similar logic, we can prove the
same evolutionary trend to hold for the model given by
Eq. (1), which includes cross-reactive immune impairment (u40). To clarify, we state this as the following
proposition:
Proposition 1. In the model given by Eq. (1), after a new
strain succeeds in invasion, the equilibrium abundance of
uninfected cells x always becomes less than the level
before the
P invasion. The equilibrium total force of
infection ni¼1 bi yi always increases after such an evolutionary change.
In Iwasa et al. (2004), the global stability of the
equilibrium is proved using a Lyapunov function for the
system with u=0 in Eq. (1). However, it is not possible
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yi ¼

bi
ð1 þ uY Þ½bi x  ai þ ;
c i pi

(2a)

zi ¼

1
½b x  ai þ ;
pi i

(2b)

where ½xþ ¼ x; for x40; and ½xþ ¼ 0; for xp0: Hence
the equilibrium abundance of infected cells is a function
of uninfected cell abundance x, and the P
total intensity
of immune reaction Y. Combining Y ¼ nj¼1 bi yi with
Eq. (2a), we have
n
X
Y
bi bi
¼
½b x  ai þ
1 þ uY
cp i
i¼1 i i

(3)

at equilibrium. From, Eq. (2a), yi is zero forxpai =bi ;
but is positive and an increasing function of x for
x4ai =bi : The minimum level of uninfected cells that is
needed to sustain virus strain i is by ai =bi : On the other
hand, Eq. (1a) indicates that Y ¼ ðl=xÞ  d holds at
equilibrium. Hence, we have
Y
l  dx
¼
:
1 þ uY ul þ ð1  ud Þx

(4)

The right-hand side of Eq. (3) is a sum of increasing
functions, and hence it is also an increasing function of
x. In contrast Eq. (4) is a decreasing function of x. It is
equal to 1=u at x=0, and to 0 at x ¼ l=d: Hence, there is
always a single positive solution x* at which Eq. (3) is
equal to Eq. (4). x is the equilibrium number of
uninfected cells.
Fig. 1 plotted Eq. (3) and Eq. (4), in which the
horizontal axis is x, and the vertical axis is Y =ð1 þ uY Þ:
Eq. (3) is a piecewise straight line with a positive slope.
Eq. (4) appears as a curve with a negative slope. Using
graphical representation of Eqs. (3) and (4), we can
show the equilibrium solution x ; its parameter dependence, the condition for invasibility of a new strain, and
the outcome of a successful invasion.
The possibility of invasion of a new strain into the
population and its outcome can be known from ﬁgures
such as Fig. 1. After invasion, Eq. (3) increases by
bj yj ðxÞ: If the population before the invasion of strain j
has a level of uninfected cells less than aj =bj ; the
invasion is not successful. If instead the level of
uninfected cells before the invasion is greater than

P′

Y
1 + uY

to construct a Lyapunov function for the general case of
u40. Here we simply assume that the equilibrium is
stable, and if the new equilibrium is created after
invasion, the system converges to it. This assumption is
consistent with all the results of numerical analyses we
have done. We examine the change in the equilibrium
caused by the invasion of a novel strain, given the global
stability. P
Let Y ¼ ni¼1 bi yi : From Eqs. (1b) and (1c), we can
express the equilibrium abundance of infected cells and
its speciﬁc immune activity as functions of x and Y:
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Fig. 1. Graphical representation of Eqs. (3) and (4) for a population
before and after the invasion of a new strain. The model is given by Eq.
(1). Broken curve is for the population with strains 1 and 3. Solid curve
for the population with strain 2 is added. Three arcs connected by kink
is Eq. (3), indicating per capita risk of uninfected cells. The curves with
negative slopes are Eq. (4), with different l: Horizontal axis is the
abundance of uninfected cells x. P and Q are for the equilibrium
corresponding to different values of l; both including two strains.
After invasion of strain 2, Eq. (3) would change to a solid curve and
the equilibrium would shift to P0 and Q0 . All three strains coexist in P0 .
But strain 3 is replaced by strain 2 in Q0 .

aj =bj ; then strain j can increase. As an outcome of
invasion, the cross-point would shift to above, and
hence toward left. Hence the level of uninfected cells x
becomes smaller than before the invasion, and Y =ð1 þ
uY
PnÞ is larger than before the invasion, and hence Y ¼
i¼1 bi yi should increase.
Fig. 1 illustrates the situation where two strains
(strains 1 and 3) exist in the initial population, and then
strain 2 invades it (a1 =b1 oa2 =b2 oa3 =b3 ). The broken
curve in Fig. 1 is for the population before the invasion
including strains 1 and 3 only. It consists of three arcs
connected by kinks. Two curves with negative slopes are
Eq. (4) for different levels of l: Both P and Q are the
communities with two strains. Strain 2 with an intermediate value of a2 =b2 is added to the population.
Consider the case in which population indicated by P
is realized before the invasion of strain 2. When the
strain 2 invades, the equilibrium would be shifted to P0
in which all the three strains coexist because the new
cross-point is larger than ai =bi of these strains. In this
case the outcome of invasion is simply the addition of a
new strain 2 without extinction of the resident strains. If
the population before invasion is the one indicated by Q
with strains 1 and 3. The outcome of the invasion of
strain 2 is the one indicated by Q0 in which strains 1 and
2 coexist, but strain 3 is not maintained. This implies
that the invasion of strain 2 is successful, but it drives
strain 3 to extinction—the replacement of strain 3 by
strain 2 occurs. The new level of uninfected cells x is too
low for the strain 3 to be maintained.
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From these arguments, we can see the following: (1)
The invasibility of a novel strain is determined by
whether or not the equilibrium abundance of uninfected
cells before the invasion is greater than ai =bi (invasible if
xbefore 4ai =bi ; not invasible otherwise). (2) As the result
of a successful invasion, the location of the equilibrium
would move upward and the abundance of uninfected
cells downward (xafter oxbefore ). (3) If x moves less than
the threshold for some resident species xafter 4aj =bj ; they
should go extinct, while those species would remain
positive if xafter oaj =bj is satisﬁed. As a result of
invasion, the equilibrium intensity of immune reaction
Y increases, but the number of strains maintained in the
system may increase or remain unchanged or decrease.
A more rigorous proof will be given in a later section.
Before giving a formal proof, we would like to explain
several different models of cross-immunity in which a
similar evolutionary trend holds.

3. Alternative models of immune system interaction
In this section, we explain several alternative models
in which immune reaction to different strains interact,
for which we will later prove a statement similar to
Proposition 1.
3.1. Model 2: same as model 1 but with a proportional
activation term

total immunity Y:
Case 1 :

for

ai
x4 ;
bi

bi
yi ¼ ð1 þ uY Þ;
ci



bi
ai
zi ¼
x
;
pi
bi

(6a)
Case 2 :

x¼

for

ai
;
bi

0oyi o

bi
ð1 þ uY Þ;
ci

zi ¼ 0;
(6b)

Case 3 :

xo

for

ai
;
bi

yi ¼ zi ¼ 0:

(6c)

The graphical representation is useful. On a ðx; yi Þplane, with ﬁxed Y, equilibrium condition Eq. (6) is
represented as three straight lines with a step-like form.
yi is a continuous function of x except for a single point
x ¼ ai =bi ; at which yi can take any value within an
interval 0oyi oðbi =ci Þð1 þ uY Þ; which appears as a
vertical line. Fig. 2 illustrates an example. Eq. (3) now
becomes


n
X
Y
b i bi
ai
¼
H x
;
(7)
1 þ uY
ci
bi þ
i¼1
where H ½x ¼ 1; forxX0 and H ½x ¼ 0; forxo0 is a
Heaviside function. Eq. (7) can be used except for ai =bi
(i=1, 2,y, n), at which one of yi is discontinuous. When
the right-hand side is discontinuous, we can interpret
Eq. (7) as indicating that Y =ð1 þ uY Þ is between the
limit from below and the limit from above of the righthand side.

P

1+uY

In this model, immune cells that are speciﬁc against
virus mutant i are activated at a rate, ci yi zi ; which is
proportional to the product of virus abundance and
immune cell abundance (Nowak and Bangham, 1996).
Müller et al. (2001) discussed the difference in behavior
between the immune dynamics with Eq. (1c) and those
with Eq. (5). The second term within the brackets of
Eq. (5) implies that the mortality of immune
cells
P
increases with general activity of viral load (u ni¼1 bi yi ).
In the absence of this effect (u=0), Eq. (5) is the same as
model 3 in Iwasa et al. (2004). It is also similar to a
model by Regoes et al. (1998), but they differ in two
points: First, the impairment
Pn of immune reaction was
assumed as a function
of
i¼1 yi in Regoes et al., but it is
Pn
a function of
i¼1 bi yi in this model. Second, the
parameters ai ; pi ; ci were assumed common among
strains (no sufﬁx) in Regoes et al., but they can differ
between strains in Eq. (5).
The equilibrium abundance of yi can be expressed as a
function of uninfected cell number x and the intensity of

Y

We may consider the following dynamics of immune
cells:
!!
n
X
dzi
¼ c i yi  bi 1 þ u
bj yj
(5)
zi :
dt
j¼1
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Fig. 2. Graphical representation of Eqs. (7) and (4) for a population
before and after the invasion of a new strain. The model is given by Eq.
(1a), (1b) and (5). Eq. (7) is a step-like function. Broken curve is for the
population with strain 1 and strain 3. Solid curve for the population
with strain 2 is added. The curves with negative slopes are Eq. (4), with
different l: Horizontal axis is the abundance of uninfected cells x. P
and Q are for the equilibrium corresponding to different values of l;
both including two strains. After invasion of strain 2, Eq. (7) would
change to a solid curve. The equilibrium P remains the same on this
graph, but now includes three strains. But the uninfected cell number
(horizontal axis x) does not change. In contrast Q will shift to Q0 , and
the strain 3 is replaced by strain 2 and the equilibrium number of
uninfected cell x decreases (moves toward left) after invasion.

ARTICLE IN PRESS
Y. Iwasa et al. / Journal of Theoretical Biology 232 (2005) 17–26

We assume that species differ in discontinuous points
(ai =bi ). Then there is at most one species that might
cross the curve if Eq. (4) and vertical line of x ¼ ai =bi ;
all the other species are either x4ai =bi or xoai =bi at
equilibrium. This makes a slight modiﬁcation to
Proposition 1. There can be the situation in which a
new strain invades successfully and replace the resident,
and yet the abundance of uninfected cells x remains
exactly the same as before. Graphical representation of
Eqs. (7) and (4) is shown in Fig. 2. Here equilibrium P
did not change, and the equilibrium number of
uninfected cells (x ) remains the same as before. But a
new strain is added without extinction of the residents.
In contrast, equilibrium Q would shift to Q0 after the
invasion of strain 2, which causes the extinction of strain
3 and x becomes smaller than before. Note that a
similar situation was discussed in Iwasa et al. (2004).
However, the equilibrium abundance of the uninfected
cells should not increase after a successful invasion, it
either decreases
Por remains unchanged. As a result, the
value of Y ¼ ni¼1 bi yi also either increases or remains
unchanged after a successful invasion, respectively. We
summarize the result as follows:
Proposition 2. If the invasion of a new strain is successful,
the equilibrium abundance of uninfected cells x never
increases in the evolutionary change. It either decreases or
remains the
P same as before. The equilibrium total force of
infection ni¼1 bi yi either increases or remains the same as
before, respectively.
3.2. Model 3: impairment of immune cell activation
Regoes et al. (1998) also consider the case in which the
immune system impairment appear as a factor reducing
the rate of immune activation:
0
1
dzi B
B
¼B
@
dt

C
c i yi
C

b
Czi :
i
n
P
A
1 þ u bj yj

(8)

j¼1

In this model, all virus mutants contribute with different
efﬁciency, bj ; to impairment of immune cell activation.
For this model too, we can prove Proposition 2.
3.3. Model 4: cross-reactive immune activation
In all the models of interaction between immune
systems to different strains so far, the presence of a
strain impairs the immune reaction of other strains. This
may be plausible for HIV infection because infection of
one strain would impair the general immune system.
A common way of interaction between different
immune reactions is cross-immunity, in which an
antigen stimulates the immune reaction of other
antigens that are similar to the original one. To
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represent this, we consider
!
n
X
dzi
¼ c i yi 1 þ u
bj yj  bi zi :
dt
j¼1

(9)

Here, the presence of any strain would reduce the
equilibrium abundance of all the other strains. For
dynamics with Eq. (1a), (1b), and Eq. (9), Proposition 1
holds. In fact, as we show later, the proof of the
proposition is easier for cross-immunity models than the
models with immune impairment.
3.4. Model 5: cross-immunity with an alternative form
We can also consider the following form:
!
!
n
X
dzi
¼ c i yi 1 þ u
bj yj  bi zi ;
dt
j¼1

(10)

which is an alternative form of cross-immunity. For
model with Eqs. (1a), (1b), and (10), we can prove
Proposition 2.

4. Proof of directional evolution
To prove the directionality of the evolutionary
process, as stated in Propositions 1 and 2, we consider
the following general model in whichP
immune reaction
to different strains interact. Let Y ¼
bi yi :
i2A

dx
¼ l  dx  xY ;
dt
dyi
¼ yi f i ðx; yi ; Y ; zi Þ;
dt
dzi
¼ gi ðx; yi ; Y ; zi Þ;
dt

(11a)

i ¼ 1; 2; . . . ; n;

i ¼ 1; 2; . . . ; n:

(11b)

(11c)

Let A be a set of strains (A f1; 2; 3; . . . ; ng). Suppose
there is an equilibrium formed by a group of strains in
set A. Let x and Y  be the equilibrium number of
uninfected cells and the total force of immunity. We
further assume that, starting from any point in which all
the strains in A have a positive abundance, it will
converge to the equilibrium (i.e. it is globally stable).
From the equilibrium condition of the dynamics
equations (11b) and (11c), we can calculate yi and zi as a
function of x and Y. In the situation for Proposition 1 to
hold, such as the model given by Eq. (1), the equilibrium
is a continuous function of x and Y. Here we ﬁrst
concentrate on such a situation (the cases in which yi is a
step function of x will be handled later). We denote the
equilibrium abundance of cells infected by strain i by
yi ¼ fi ðx; Y Þ;

(12)
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which is calculated from Eqs. (11b) and (11c). In the
equilibrium of the whole system Eq. (11), we have:
X
Y ¼
bi fi ðx ; Y  Þ
(13)
i2A

from the deﬁnition of Y. From Eq. (11a), we also have
l
d
(14)
x
at equilibrium.
Strain i has a positive abundance at equilibrium if x
is greater than ai =bi ; the minimum x for strain i to
maintain. If the level of x is too high, some of the
strains in set A may go extinct in the equilibrium. We
have
Strain i has a positive abundance at equilibrium, if
Y ¼

fi ðx ; Y  Þ40:

(15a)

except for a single point x ¼ ai =bi ; at which yi is
not speciﬁed but takes any value between the maximum
and the minimum, exempliﬁed by Eq. (6b). We here
assume that ai =bi differ between species. At x ¼
ai =bi ði ¼ 1; 2; . . . ; nÞ; the right hand of Eq. (13) is
discontinuous. Then, we use the following inequality
instead of Eq. (13):
X
X
bi fi ðx  0; Y ÞpY p
bi fi ðx þ 0; Y Þ:
(17)
i2A

i2A

We summarize these as follows:
Condition 3: fi ðx; Y Þ is continuous and non-increasing
function of x except for a single point x ¼ ai =bi ; in
which it is not deﬁned. We have fi ðx; Y Þ ¼ 0 for
xoai =bi ; and fi ðx; Y Þ40 for x4ai =bi : At x ¼ ai =bi ;
we have Eq. (17).
In Appendix A, we can prove the following Theorem 2.

Strain i is absent at equilibrium, if
fi ðx ; Y  Þ ¼ 0:

(15b)

In a similar manner, we can express the invasion
condition in terms of f: When a strain k which is not
in A invades the equilibrium, whether or not it increases
can be judged by the sign of fk ðx ; Y  Þ:
Strain k can invade the equilibrium, if
fk ðx ; Y  Þ40;

(16a)

Strain k fails to invade the equilibrium, if
fk ðx ; Y  Þ ¼ 0

(16b)

To discuss the outcome of a successful invasion, we
assume the following two conditions:
Condition 1: fi ðx; Y Þð1=Y Þ is a decreasing function of
Y if fi ðx; Y Þ40:
Condition 2: fi ðx; Y Þ is continuous and non-increasing function of x.
In Appendix A, we can prove the following Theorem 1.
Theorem 1. If Conditions 1 and 2 are satisfied, after a
successful invasion of a strain, the equilibrium abundance
of uninfected cells x becomes smaller than the level
P before
the invasion. The total rate of infection,
i2A bi yi x,
increases by invasion.
P
Note that the increase in
the
i2A bi yi x implies
P
increase of per capita rate of infection Y ¼ i2A bi yi ;
because x decreases by the invasion. Hence from
Theorem 1, we can conclude Proposition 1. Eqs. (1c)
and (9) satisfy the conditions above, and hence
Proposition 1 holds (see Appendix B).

Theorem 2. If Conditions 1 and 3 are satisfied, after a
successful invasion of one or more strains, the equilibrium
abundance of uninfected cells x either decreases from the
level before the invasion or remains
the same. The
P
equilibrium rate of infection,
i2A bi yi x, increases or
remain the same, respectively.
In Appendix B, we can show that these conditions are
met for the models with Eqs. (1a) and (1b), together with
the immunity dynamics given by Eqs. (5), (8), or (10).
For these models, Theorem 2 holds, and hence
Proposition
2 holds, because the increase
in Y ¼
P
P
bi yi is derived from the increase in
bi yi x:
i2A

i2A

5. Target cells are helper T-cells
HIV infects CD4+ T helper cells. By depleting this
target cell population, HIV impairs immune responses.
In this section, we therefore assume that uninfected
target cells, x, are needed for immune activation
(Wodarz et al., 1999; Wodarz and Nowak, 2000; Wahl
et al., 2000). We consider models in which the dynamics
of speciﬁc immune cells depends directly on the number
of uninfected cells. Suppose immune activation requires
the presence of a sufﬁciently many helper T-cells in the
tissue but the shortage of uninfected helper T would
cause the general decrease in the immune activity for all
the antigens. This can be expressed as the immune
activation rate dependent directly on the uninfected cell
number x.

4.1. When equilibrium yi is a step function of x
For the model Eq. (1a), (1b) combined with immunity
dynamics given by Eqs. (5), (8), or (10), yi is not a
continuous function of x, and hence Condition 2 is
not satisﬁed. However yi is expressed as Eq. (12)

5.1. Model 6
dzi
¼ zi ðci yi x  bi Þ;
dt

i ¼ 1; 2; . . . ; n:

(18)
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In Eq. (18) the stimulation of immune reaction is
proportional to the abundance of uninfected cells x.
This was called ‘‘target cell dependence in immune
activation’’ by Regoes et al. (1998). If a strain is
abundant, it infects and reduces uninfected cell number
x, which causes the decrease of the immune activation
for all the other strains. Hence Regoes et al. regarded
this as a way of introducing immune impairment, and
also called it ‘‘indirect impairment model’’. We can
prove that, for the model with immune dynamics
Eq. (18), Proposition 2 holds.
We may also think the system in which Eq. (18) is
replaced by the following:

Q
P

R

0

5.2. Model 7
dzi
¼ c i yi x  bi z i ;
dt

i ¼ 1; 2; . . . ; n:

(19)

The model, given by Eqs. (1a), (1b) and (19), satisﬁes the
condition for Theorem 1, and hence we have Proposition 1. The equilibrium abundance
of uninfected cells
P
decreases and the Y ¼ i2A bi yi increases after a
successful invasion of a mutant.
5.3. Bistability
In contrast, consider the case in which the target cell
dependence is of impairment type, and the degree of the
dependence is stronger than the one assumed by Eq.
(18). For example,
dzi
¼ zi ðci yi x2  bi Þ;
dt

i ¼ 1; 2; . . . ; n;

(20)

instead of Eq. (18). The equilibrium number of cells
infected by strain i is:
(
bi
for x4ai =bi ;
2
yi ¼ x c i
(21)
0
for xoai =bi :
The equilibrium is determined by a solution of the
following equality:





1 b1 b1
a1
b 2 b2
a2
l  dx ¼
H x
H x
þ
;
x c1
b1
c2
b2
(22)
where H is the Heaviside function. In the case illustrated
in Fig. 3, there are three equilibria—the one in the
middle is unstable, and the smallest possible and the
largest possible equilibria are both stable. Hence the
model constituting Eqs. (1a), (1b), and (20) is bistable.
This makes global stability impossible. Note that
bistability in immune system due to a different mechanism was reported (Altes et al., 2003).
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a1

a2

β1

β2

x

Fig. 3. Graphical representation of both sides of Eq. (22), in which
cross-points are for the equilibria of dynamics Eqs. (1a), (1b), and (20).
There are three equilibria. Numerical analysis shows that P and R are
locally stable and Q with an intermediate x* is unstable. The system is
bistable, and the evolutionary trends suggested by Propositions 1 and 2
do not hold for this system.

6. Discussion
In this paper, we studied the evolution of virus within
a patient by analysing a series of models for the
dynamics of multiple strains of virus and the immune
activities of the host corresponding to those strains. In
all of these, the immune activities to different antigens
interact. We study both the case in which immune
reaction to an antigen impairs the immune reaction to
other antigens and the case in which the presence of an
antigen stimulates the immune activity to other antigens
(cross-immunity). In all the models studied in the
present paper, the directional trends of virus evolution
is proved, which were shown previously for the models
without cross-immunity (Iwasa et al., 2004).
The result suggests that the equilibrium abundance of
uninfected cells decreases monotonically in the viral
evolution occurring within a host if controlled by
immune selection. It also suggests that the total force
of infection increases monotonically with the evolutionary changes of viral strain composition. The strain
diversity may increase and the mean virulence of the
virus may increase statistically, but the two tendencies
we proved in the twin paper and the present one are the
changes that always occur in those directions.
Regoes et al. (1998) studied by computer simulation
of several different models in which the presence of a
virus strain impair or suppress the immune reaction on
other strains. For all the models studied by Regoes
et al., we study a slightly modiﬁed version in the present
paper. The modiﬁcation is on the assumption of
impairment function—the rate of immune activation
or decay is a function of the total number of infected
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P
cells ( ni¼1P
yi ) in Regoes et al., but the total force of
infection ( ni¼1 bi yi ) in the present paper. In addition,
several parameters ﬁxed by Regoes et al. can differ
between strains in this paper.
Although Regoes et al. (1998) focused the case with
immunity impairment type, we can extend our result to
the case with cross-immunity—in which the presence of
one strain activates, rather than impairs, the immune
reaction to other strains. When cross-immunity is at
work, the increase of general viral abundance should
reduce the increase rate of each viral strain, and hence
yi ¼ fi ðx; Y Þ is likely to be a decreasing function of Y.
Hence Condition 1 is likely to satisfy cross-immunity
models. In contrast, models with immune impairment
has yi ¼ fi ðx; Y Þ an increasing function of Y, as
exempliﬁed by Eqs. (2a) and (6). If the impairment
effect is very strong, Condition 1 is not satisﬁed, and we
will not obtain the directional evolution suggested by
Propositions 1 and 2. This is shown by the case with Eq.
(20), which has bistability (see Fig. 3). Hence the
condition for Propositions is easier to satisfy in the
models with cross-immunity than in the ones with
immune impairment.
Whether or not the conditions required for Propositions 1 and 2 are sufﬁciently close to those observed in
real immune systems is certainly an important question
to study in the future in theoretical immunology.
However, given that there is a group of models
describing the interaction between immune reaction to
different strains, in which the evolution of virus
population within a single patient is the monotonic
increase in pathogenicity, we may be able to have a
simple picture of viral evolution as a ﬁrst-step approximation to reality. After the infection to a host, the virus
might be suppressed by the immune system to a
sufﬁciently low level, but as the evolution progresses,
the viral strains would be replaced by different strains
that would cause increasingly smaller abundance of
uninfected cells, thus increasing higher total force of
infection. Such a gloomy picture of viral evolution might
be the mainstream path of the things occurring within a
patient of HIV.
But the mathematical result can also be used to
change the direction of viral evolution, as is demonstrated by two examples of general cross-reactivity
studied by Iwasa et al. (2004). To do so, we need to
produce a vaccination of a novel strain that can cause
strong activation of the immune reaction, but not so
much to itself. After receiving such a strain, the total
force of infection by viruses would be reduced and the
number of uninfected cells would recover (see Iwasa
et al., 2004).
Finally, we may speculate the application of the
current analysis of viral evolution to cancer. Tumorigenesis is also the evolutionary process by accumulating
mutations within a host individual. The role of immune

system to suppress the cancer, and the escape of cancer
by mutation are aspects common to the virus evolution
studied in the present paper. However, cancer would
require a more careful treatment on the effect of spatial
pattern because those cells normally stick to each other
forming a clumped colony, which might make modeling
based on ordinary differential equations less accurate
than the virus dynamics.
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Appendix A.
Proof of Theorem 1. Let A be a group of strains with a
positive abundance in the equilibrium. Let x and Y  be
the uninfected cell number and the total force of
infection at the equilibrium. Then from Eq. (15a):
fi ðx ; Y  Þ40 for all i 2 A: We also have
X 1


1¼
(A.1)
 bi fi ðx ; Y Þ;
Y
i2A
from Eq. (13). We consider strain k, which is not in A,
invades the equilibrium. From Eq. (16b), if fk ðx ; Y  Þ ¼
0; the invasion attempt fails. If instead
fk ðx ; Y  Þ40;

(A.2)

strain k increases when rare. It can invade A (see, Eq.
(16a)). Then how does the abundance of uninfected cell
number change after such a successful invasion? We
denote B ¼ A [ fkg: Let xB and Y B be values in the new
equilibrium after the invasion. Note that some of the
strains in set B may go extinct in the new equilibrium. In
the new equilibrium, Eq. (13) becomes
X 1
1
1¼
b f ðxB ; Y B Þ þ B bk fk ðxB ; Y B Þ:
(A.3)
B i i
Y
i2A Y
From Eq. (14), we have Y B ¼ l=xB  d: From
Eqs. (A.2) and (A.3), we have
X 1
14
b f ðxB ; Y B Þ:
(A.4)
B i i
Y
i2A
Now we can prove xB ox ; implying that the equilibrium number of uninfected cells should decrease after a
successful invasion. The proof is done by assuming the
opposite inequality xB Xx and deriving the contraction.
If xB Xx ; we have Y B pY  from Eq. (14). From
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Conditions 1 and 2,
"
#
The right-hand

X 1
b f ðxB ; Y B Þ
B i i
Y
side of Eq: ðA:4Þ
i2A
X 1


X
 bi fi ðx ; Y Þ ¼ 1;
Y
i2A
¼

ðA:5Þ

strain j still remains in the system in the new equilibrium keeping a reduced but positive abundance. Then
the number of uninfected cells remains x ; the same
value as before the invasion. The outcome of the
invasion is simply addition of strain k to the community. The abundances of different strains in the new
equilibrium are:

where we used Eq. (A.1) for the last equality. Combing
this and Eq. (A.4), we reach 141, which is a contradiction. Hence we cannot assume xB Xx ; and hence we
conclude xB ox :
From Eq. (14), Yx ¼ l  dx holds at equilibrium.
Hence the product of Y and x must increase when x
decreases after the invasion of k. &

yi ¼ fi ðx ; Y  Þ40

Proof of Theorem 2. Let A be a group of strains with a
positive abundance in the equilibrium. Let x and Y  be
the uninfected cell number and the total force of
infection at equilibrium. Then there are two situations:
Case 1: For all i in A, x 4ai =bi ; and hence
fi ðx ; Y  Þ40:
Case 2: There is one strain j in A, at which x ¼ aj =bj
holds. For all the other trains in A, x 4ai =bi and hence
fi ðx ; Y  Þ40:
For Case 1, we can apply the same argument the used
to prove Theorem 1 concerning the shift in the
equilibrium when an invader succeeds. Hence Theorem
1 holds, which implies Theorem 2 holds. In the following
we focus on Case 2.
We denote the set of all the strains in A except for j by
A0 . Hence A ¼ A0 [ j :
We assume a similar setting as Theorem 1. Then
concerning the abundance of the ‘‘boundary strain’’ j,
we have

i2A0

X 1
X 1




 bi fi ðx ; Y Þo1o
 bi fi ðx ; Y Þ
Y
Y
i2A
i2A
þ

1
b f ðx þ 0; Y  Þ:
Y j j

ðA:6Þ

Note that fj ðx; Y  Þ is discontinuous at x ¼ x ; and we
need to keep x þ 0 symbol indicating the limit from
above. But for all the strains i in A0 , fi ðx; Y  Þ is
continuous, which removes symbol for the limit from
below in (A.6).
If invader k satisﬁes ak =bk 4x ; the invasion should
fail (see Eqs. (16)). Invasion would be successful when
ak =bk ox and hence fk ðx ; Y  Þ40:
After such a successful invasion, strain j may still
remain the system at a positive abundance, or strain j
may go extinct. This can be distinguished into the
following two cases:
Case 2a: If the following inequality holds,
X 1
1




 bi fi ðx ; Y Þ þ
 bk fk ðx ; Y Þo1;
Y
Y
i2A

(A.7)
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all i 2 A0 ;

for

(A.8a)

yk ¼ fk ðx ; Y  Þ40;
1
yj ¼
bj



Y 

X

(A.8b)
!








bi fi ðx ; Y Þ  bk fk ðx ; Y Þ 40:
(A.8c)

Case 2b: In contrast, if
X 1
1




 bi fi ðx ; Y Þ þ
 bk fk ðx ; Y Þ41;
Y
Y
i2A

(A.9)

strain j cannot be maintained after the invasion of strain
k. In this case, we can apply a similar logic as used in
deriving Theorem 1. Let B ¼ A0 [ fkg: We assume the
contrary to the inequality to prove. Suppose xB Xx :
From Eq. (14), this leads toY B pY  : Then, using
Conditions 1 and 3 we have
X 1


 bi fi ðx ; Y Þ
Y
i2B
X 1
p
b f ðxB ; Y B Þ ¼ 1;
B i i
Y
i2B

½The left-hand side of Eq: ðA:8Þ ¼

which combined with Eq. (A.9) leads us to 141, which
is a contradiction. Hence we conclude xB ox : From
Eq. (14), we have Y B xB 4Y  x : &

Appendix B
Here we show fi ðx; Y Þ for the models discussed in this
paper. In all the models, Eq. (1a) is used for the
dynamics of uninfected cells, and Eq. (1b) is for the
dynamics of cells infected by strain i. They differ in
the dynamics of zi immune activity speciﬁc to strain i.
Model 1 (Eq. (1c)):


bi b i
ai
fi ðx; Y Þ ¼
x
ð1 þ uY Þ:
(B.1)
c i pi
bi þ
Model 2 (Eq. (5)), and Model 3 (Eq. (8)):


bi
ai
fi ðx; Y Þ ¼ H x 
ð1 þ uY Þ:
ci
bi

(B.2)
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Model 5 (Eq. (10)):


bi
ai
1
:
fi ðx; Y Þ ¼ H x 
ci
bi 1 þ uY
Model 4 (Eq. (9)):


bi bi
ai
1
fi ðx; Y Þ ¼
:
x
c i pi
bi þ 1 þ uY
Model 6 (Eq. (18)):


bi
ai
fi ðx; Y Þ ¼
H x
:
ci x
bi
Model 7 (Eq. (19)):


bi bi
ai
x
fi ðx; Y Þ ¼
:
c i pi x
bi þ

(B.3)

(B.4)

(B.5)

(B.6)

For Models 1, 4, and 7, we can prove Theorem 1. In
contrast, for Models 2, 3, 5, and 6, together with the
convention of Eq. (17) at the point of discontinuity
(x ¼ ai =bi ), we can prove Theorem 2.
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